Recently, an approximate boundary condition [Opt. Lett. 38, 3009 (2013)] was proposed for fast analysis of onedimensional periodic arrays of graphene ribbons by using the Fourier modal method (FMM). Correct factorization rules are applicable to this approximate boundary condition where graphene is modeled as surface conductivity. We extend this approach to obtain the optical properties of two-dimensional periodic arrays of graphene. In this work, optical absorption of graphene squares in a checkerboard pattern and graphene nanodisks in a hexagonal lattice are calculated by the proposed formalism. The achieved results are compared with the conventional FMM, in which graphene is modeled as a finite thickness dielectric layer. We show that for the same truncation order, computation time can be reduced to one-ninth by the proposed formulation in comparison with the conventional FMM. Furthermore, the convergence rate is increased. Therefore, thanks to the improved convergence rate and reduced computational cost for a given truncation order, the computational time is saved more than 100 times for relative error of less than 1%. This is crucially important in analyzing two-dimensional periodic structures of graphene by the FMM.
INTRODUCTION
Graphene as a two-dimensional plasmonic material with exceptional optoelectronic properties has attracted much interest in recent years [1, 2] . Graphene supports surface plasmons with high confinement properties [3] that can be used in many applications, such as nanoantennas [4] , optical biosensing [5] , and photonic metamaterials [6] .
Tailoring graphene's extraordinary properties can be achieved by patterning and engineering of graphene in onedimensional or two-dimensional periodic structures. Graphene nanoribbons and nanodisks are two famous geometries that are periodic in one and two directions, respectively [7] . Although, nanoribbons excite surface plasmons in an efficient way, all direction confinement of surface plasmons is achievable by nanodisk cavities [8] . Furthermore, periodic arrays of graphene can show optical absorption up to 100% in special structures [9] , which can be used in applications such as plasmonic sensors [10] .
Accurate and fast analysis of these structures is critical for optimizing and designing new devices based on graphene properties. For instance, the amount of light absorption in optical devices such as detectors and photovoltaics is very important. A good numerical method should be able to compute reflection, transmission, and absorption characteristics of these structures quickly and precisely. Among the existing modal methods, the Fourier modal method (FMM) is the most popular and well-known method for the analysis of crossed gratings [11] . Its simple implementation is the most important advantage of this method. The fast convergence of this method is guaranteed by appropriately applying Fourier factorization rules [12] . However, when the total number of diffraction orders is increased, the FMM becomes time consuming and memory hungry [13] . Any attempt to reduce the computational cost and increase the convergence rate of the FMM is very welcomed.
For the analysis of graphene crossed gratings by the FMM, we have two approaches. The first approach is to consider graphene as a dielectric layer of thickness Δ 0.5 nm. The dielectric function is described by 1 4iπσ s ∕ωΔ, where σ s is the surface conductivity of graphene. By this model, one can use the conventional FMM formalism and obtain the reflection, transmission, and absorption characteristics easily [11] .
An alternative approach is to consider graphene as a surface conductivity that is periodically repeated at the interface. Then, by applying boundary conditions between two regions, reflection and transmission coefficients can be obtained. This procedure does not need to solve an eigenvalue problem, and thus it has a lower computational cost. The disadvantage of this approach is that, however, the Fourier factorization rules (especially the inverse rule) cannot be applied correctly to usual boundary conditions because the surface conductivity is zero at some area of the unit cell. Recently, an approximate boundary condition was proposed for analysis of a periodic array of graphene ribbons, to address this problem [14] .
We extend this approach for the analysis of twodimensional periodic graphene structures. The approximate boundary condition is defined in such a manner that it is possible to apply the inverse rule. Therefore, the convergence rate is increased in comparison with the case in which only the Laurent's rule is used. Moreover, by this new formulation the computational time can be reduced to one-ninth and computer memory is decreased to half compared to the conventional FMM. Also, we will show that the convergence rate of this formulation can be better than the conventional FMM. This paper is organized as follows. In Section 2 the formulation of the proposed method is presented. Then, its accuracy, convergence rate, and computational efficiency are investigated through two numerical examples in Section 3. Finally, we summarize the conclusions of this work in Section 4.
PROPOSED FORMULATION
Consider the graphene structures as depicted in Fig. 1 . In these multilayer structures, graphene is doped on a substrate such that a square or hexagonal lattice is patterned. The layer that contains graphene is two-dimensional periodic in the x 1 and x 2 directions. The periodicities in these directions are represented by d 1 and d 2 . In the following, we first derive Rayleigh expansion for homogenous layers and then apply approximate boundary conditions.
A. Rayleigh Expansion in Homogenous Layers
The analysis of crossed grating is done in a nonrectangular coordinate system x 1 ; x 2 ; x 3 . In this new coordinate system the x 1 and x 3 axes are parallel to the x and z axes, respectively, and the angle ψ is formed between the x 2 axis and the y axis. In fact the x 1 and x 2 axes are chosen along the shortest periods of the lattice in order to have the smallest unit cell. Therefore, the matrix dimension, and consequently the computation time, can be reduced. The transformation between this new coordinate and the physical coordinate system x; y; z is given by
x 2 y sec ψ;
Covariant basis vectors in this coordinate system are
⃗a 2 ∂ ⃗r ∂x 2 sin ψx cos ψŷ;
where ⃗r is the position vector of an arbitrary point [15] . Also, the contravariant basis vectors in this coordinate system are given by
The covariant and contravariant components satisfy the condition
where δ ij is the Kronecker delta symbol. Maxwell's equations in this nonrectangular coordinate system in the pth region are written as
In these equations E p j (H p j ) denotes the jth covariant component of the electric (magnetic) field vector ⃗ E ( ⃗ H) of medium p. The permittivity and permeability of the pth layer are represented by ϵ p and μ p , respectively. Also k 0 is 2π∕λ, where λ is the vacuum wavelength. Here, the equations are in Gaussian system units, and time dependence exp−iωt is used.
If the top and bottom regions of the graphene layer are homogeneous, the covariant field components can be represented by Rayleigh expansions in these zones. These expansions for electric and magnetic covariant components are expressed as 
In the above, k x 1 m k x 1 0 2πm∕d 1 and k x 2 n k x 2 0 2πn∕d 2 , where k x 1 0 and k x 2 0 are the covariant components of the incident wave vector in the x 1 and x 2 directions, respectively. Also, k p x 3 mn 's are the propagation constants of the m; nth diffracted order in the x 3 direction of layer p that are given by
such that Rek 
where we can define A p , B p , F p , and D p as diagonal matrices with diagonal entries
B. Boundary Conditions Electromagnetic boundary conditions are used at the interface of two homogenous regions, where graphene is placed.
The first boundary condition concluded from the continuity of tangential electric field components at the interface of homogeneous layers (x 3 0) yieldŝ
In this relationn is the unit vector normal to the plane defined by ⃗a 1 and ⃗a 2 , i.e.,n ⃗a 1 × ⃗a 2 ∕j ⃗a 1 × ⃗a 2 j. By substituting the Rayleigh expansion coefficients, Eq. (12) is simplified to
The discontinuity of tangential magnetic field components due to the presence of surface conductivity of graphene at the interface gives the second boundary condition aŝ
where c is the velocity of light in vacuum and σ s x 1 ; x 2 is the surface conductivity distribution at the interface. It is equal to graphene conductivity at some areas and zero at other places.
In the Fourier analysis of Eq. (14) applying one of the Fourier factorization rules, i.e., the inverse rule, is not possible due to the vanishing of the surface conductivity at some a reas of the unit cell. The convergence rate will be very slow if just the Laurent's rule is used. Therefore, we use an approximate boundary condition to be able to apply appropriate Fourier factorization rules [14] .
The behavior of the tangential components of the magnetic field vector across the interface can be studied by considering the rectangular paths that are shown in Fig. 1(b) . The sides of the rectangles in the homogenous layers are Δl, while the sides that transit between two regions is equal to Δh. The rectangle in the ⃗a 1 − ⃗a 3 plane constitutes a contour C 2 about which (15) where S 2 is the area of this rectangle andn is its positive normal vector. In the limit as Δh → 0 the contributions of segments that are proportional to Δh vanish in the left-hand side of Eq. (15) . Thus, by considering that Δl is sufficiently small, the left-hand side simplifies to
Also, the right-hand side, in the limit as Δh → 0, will be
where
· ⃗a 2 is the contravariant component of the electric field vector in the ⃗a 2 direction in medium 2, δx 3 is the Dirac's delta function, and the effective surface conductivity is defined as
Then in the limit as Δl → 0, substituting Eqs. (16) and (17) in Eq. (15), yields 
In this relation the b c symbol means taking the Fourier coefficients in the x 2 direction. Since E 2 2 is continuous in the x 1 direction, the second term of the left-hand side of Eq. (21) can be Fourier factorized in the x 1 direction by Laurent's rule. Also, the summation in the right-hand side of Eq. (21) is continuous with respect to x 1 , so the entire left-hand side is continuous in this direction [11] . 
A similar procedure [Eqs. (15)- (23)] can be used for the rectangle in the ⃗a 2 − ⃗a 3 plane and contour C 1 . Thus, the final equation for the tangential components of the magnetic field vector in the x 2 direction based on Rayleigh coefficients is obtained as follows: 
By using Eqs. (13), (24), and (25), the final S matrix, i.e., S 1 can be obtained. This matrix relates the upgoing and downgoing waves in medium 1 and medium 2 in this way [16, 17] :
If there are no incident plane waves in medium 1, then u 1 0. Thus, only R 1 ud and T 1 dd are needed for obtaining the transmitted and reflected amplitudes of all diffracted orders in medium 1 and medium 2, respectively. These matrices are simply given by
Finally, by calculating the reflected and transmitted coefficients of different diffracted orders the diffraction efficiencies in the top and bottom regions can be obtained easily [11] .
NUMERICAL RESULTS
Consider a checkerboard grating that is shown in Fig. 1(a) as the first example to verify our proposed formalism of the FMM. The periodicities of the structure and the width of squares are d 1 d 2 8 μm and w 4 μm, respectively. The incident wave illuminates the grating normally from the top region, and the permittivity of the top and bottom layers is 3 and 4, respectively. The conductivity of graphene within the random-phase approximation (RPA) at T 0 is obtained by [8] σ s e 2 E F πℏ
where H represents a step function. In the above relation, e is the electron charge, E F is the Fermi level, ℏ is the reduced Plank constant, ω is the frequency, and τ is the relaxation time. The relaxation time and Fermi level for obtaining graphene conductivity are τ 0.25 ps and E F 0.6 eV, respectively. The absorption of the structure versus wavelength is shown in Fig. 2 . The solid, dashed, and dotted-dashed curves represent the results of the proposed formulation of the FMM for Δh 0.5 nm, Δh 2 nm, and Δh 5 nm, respectively. The conventional FMM results are illustrated by a dotted line in this figure. The thickness of the graphene layer in the conventional FMM is set to 0.5 nm. It is obvious that the results agree with each other well.
In the FMM, both the conventional one and the new formulation, the accuracy of the results improves by increasing the total spatial harmonics. However, since the operation counts are proportional to the third power of matrix dimension [13] , the analysis become time consuming and needs a lot of memory.
One of the advantages of this new formulation in comparison with the conventional FMM is its lower computational cost. In this case we do not need to solve an eigenvalue equation. The matrices in the eigenvalue equation of the usual FMM formulation are 22M 12N 1 square. 2M 1 and 2N 1 denote the number of spatial harmonics in the x 1 and x 2 directions, respectively. Also, in the conventional FMM that is based on the dielectric modeling of graphene, the S-matrix algorithm is necessary to match the boundary conditions at the interfaces between adjacent layers, but in this new formalism the final S matrix is calculated directly and the need for additional matrix calculations related to the S-matrix algorithm is eliminated.
In Fig. 3 the ratio of the simulation time of the two formulations for the checkerboard grating under study is shown. As depicted in this figure, by increasing the truncation order the running time of the conventional FMM increases more rapidly than the new one. The computational cost of the proposed formulation for truncation order M N 20 is almost oneninth that of the conventional FMM.
The value of Δh in this new formulation affects the convergence rate and accuracy of the results. Whatever the smaller values of Δh chosen, the results are more precise, but smaller Δh values reduce the convergence rate. The values of Δh should be enough small in comparison with the wavelength (λ) and the smallest dimension of the structure (d). The relative errors in calculating the absorption characteristics of the checkerboard grating at the λ 92.3 μm are illustrated in Fig. 4 . The relative errors are obtained for the conventional FMM (dotted line) and the new formulation when Δh 0.5 nm (solid line), Δh 2 nm (dashed line), and Δh 5 nm (dotted-dashed line) are set. As seen in this figure the convergence rate of the new formulation is faster than the conventional FMM and improves remarkably by increasing the value of Δh. For acquiring a relative error about 1% the truncation order for the conventional FMM should be M 22, while in new formulation it is M 13 and M 12 for Δh 2 nm and Δh 5 nm, respectively. In this case, for Δh 2 nm and Δh 5 nm, the new formulation is, respectively, 100 and 147 times faster than the conventional FMM.
A periodic array of graphene disks that is shown in Fig. 1 
CONCLUSIONS
An approximate boundary condition is extended in the FMM for the fast analysis of two-dimensional periodic arrays of graphene. Correct factorization rules are applied to the obtained equations. In this approach, the graphene is modeled as a surface conductivity at the interface of two homogeneous regions. No eigenvalue equation is solved in this case. Therefore, this new formulation runs very fast and needs less memory relative to the conventional FMM. We illustrate that for the same truncation order the computation time is oneninth of the conventional FMM running time. Furthermore, by adjusting the value of Δh, the convergence rate can be improved such that for obtaining a result with a relative error of about 1%, this formulation is at least 100 times faster than the conventional one. Fig. 2 
